Deriving an Analytical Solution to Inversion of

Otvidera  PPD
MSR146

Royston/Parmar Restricted Cubic Spline Parametric
Survival Models for Discrete Event Simulation

Bungey, George'; Moller, Jorgen?
'Evidera Ltd., London, UK; 2Evidera Ltd., Lund, Sweden

Background

Royston/Parmar restricted cubic spline (RCS) models are more flexible extensions of Weibull, log-normal, and log-logistic parametric
survival models that allow modeling of the hazard function as a restricted cubic spline instead of a linear function of log time.!

These models are highlighted in National Institute for Health and Care Excellence (NICE) Decision Support Unit (DSU) Technical Support
Document guidelines?? as potential alternatives to standard parametric survival models, with other recently published guidance* also
suggesting Royston/Parmar spline models may be preferable to other types of (non-cure) flexible parametric survival models (landmark,
piecewise, parametric mixture).

Discrete event simulation (DES) models simulate times to events rather than using cumulative survival probabilities from parametric
survival models, with inversion of the survival functions required for analytical solutions to derive these event times from given survival
estimates or sampling using random numbers.

While numerical methods can be used to approximate event times for more complex survival models, this process may be slow, especially
when repeated over large numbers of simulations.

Objectives

We aimed to derive analytical solutions to inverse functions for Royston/Parmar RCS parametric survival models.

Royston/Parmar Spline Function

For a time value t and x = In(t), Royston/Parmar RCS cumulative survival functions (excluding covariates) with n internal knots, gamma
parameters yy, ..., Yn+1 and knot values K,,in, Kq, ..., Ky, Kijgye in log time ordered in increasing value can be described in the form:

S(t) = F(s(x,y)) (Equation 1)
Where F(z) for z = s(x, y) is defined as follows depending on the link function:
Cumulative Hazards: F(z) = exp(—exp(z))

1
(1+exp(2))

Probit/Normal deviate: F(z) = 1 — ®(z2)

Cumulative Odds: F(z) =

Where & is the standard normal distribution, and s(x,y) is a cubic polynomial function:

s(x,¥) = Yo + Y1x + Xq13vqvq-1(x)  (Equation 2)

With basis function v;(x) defined as:
vi(x) = (x — kj)-gl-_}\j(x — kmin)3 — (1 — A)(x — Kinax)$

Where }; = kmax_kjn and (x — p)+= max (0,x — p).

max kmi

Objective Function

To invert the function S(t) to find a solution for t from a given cumulative survival estimate S, we first invert F(z) for each link function as
follows

Cumulative Hazards: F~1(z) = In(—In(2))
Cumulative Odds: F~1(z) = ln(i - 1)
Probit/Normal deviate: F~1(2) = ®71(1 — 2)
Where ®~1 is the inverse standard normal distribution.
By applying F~1(2) to both sides of Equation 1 and rearranging, this then allows us to describe our objective function to solve for x = In(t)

as:
s(x,y) — F71(§) = 0 (Equation 3)

Defining Case Types

As Royston/Parmar splines include linearity constraints before the first knot (k,,;;,) and after the last knot (k,,,4,), three main case types
can be defined according to the positioning of the time estimate in relation to these boundary knot values.

As we do not know the value of t, which we are trying to estimate from a given cumulative survival estimate S, we instead define the case
types according to the cumulative survival estimates produced by the boundary knots, given S(t) is a non-increasing function with
increasing values of t:

Case 1: S > S(exp(Kymin))
Case 2: S(exp(kiin)) > S > S(exp(Kmax))
Case 3: S < S(exp(Kpmgy))

Case 1 Solution

For Case 1, we have S > S(exp(Ky,;,,)) which implies that x < k,,,;,,. As noted above, Royston/Parmar RCS models include linearity
constraints before the first knot and after last knot; in this case the term ZZI% YqVq-1(X) in Equation 2 becomes 0, which means Equation
3 becomes:

Y1X + Yo — F‘l(f) =0 (Equation 4)

We now have a linear function of the form cx +d = 0, wherec=y; andd =y, — F"l(f). Our solution for t = exp(x) = exp(_Td) is
therefore derived as:

A

Case 2 Solution

For Case 2, we know that S(exp(Kmin)) > S = S(exp(K,nqx)), Which means that unlike Case 1 and Case 3, our cubic and quadratic terms
do not cancel out, and we need to solve a cubic polynomial function. For any cubic equation ax3 + bx? +cx + d, the three solutions for x
(xo, X1, X2) can be described in a generalized form® as:

Xy, = —%(b + &MC + ;n—oc) ,me€ {0,1,2}  (Equation 5)

Where

A, + \/Ag 43

C=\1 >
Ay = b? — 3ac
Ay = 2b3 — 9abc + 27a%*d
€= _1+£i
2 2

With i being the imaginary number equivalent to v—1.

As use of the positive or negative square root of A2 — 443 is mostly arbitrary® (except in the specific case C=0, handled separately below),
we adopt the positive square root and redefine C as:

4, + Ja; 4

\ 2
From expanding the v;(x) basis function terms and combining with corresponding y parameter terms, we can generalize the cubic,
quadratic, linear, and constant terms as:

C =

023 YqVg-1(x) x> terms: X023y, (1 — Ag-q) = K3
02 YqVq-1(x) x? terms: =3 X022y, (kg1 — Ago1kmin) = —K
022 YqVq-1(x) X terms: 3 X027y, (ki_1 — Ag_1kpmin) = K1
023 YqVq-1(x) constant terms: — Y0E3 v, (k3_y — Ag_1kiin) = —Ko

Combining these with the remaining terms in Equation 3, the coefficients of our cubic equation ax3 + bx? +cx + d we need to solve for
x=In(t) become:

a=K3
b=_K2
C=Y1+K1

d =Y0—F_1(SA)_KO

Methods (cont.)

Using the values for a, b, ¢, and d above we have values for 4, and 4, as:
Ao = K5 — 3K3(y1 + K1)

4, = —ZKé3 + 9k, k3(Y; + K1) — 27K§(F‘1(§) — Yo + Kop)

However, for calculating C, the term A7 — 4A3 within the square root can take positive and negative values, with negative values resulting
in C3 being a complex number. We further subdivide Case 2 into two sub-case types: Case 2a where C3 is real ( 45> 4A43) and Case 2b where
C3is complex ( 42< 443).

Case 2a

For Case 2a, the term within the square root is positive. We then have a real cube root for C, which when incorporated into Equation 5
produces complex number values for roots x; and x,, and in turn would produce values for t = exp(x) that are not positive real numbers.
We therefore take x; as the correct solution for x = In(t) and can describe the solution for Case 2a, including a specific exception® for C=0

as:
( K2
—), C=0
exp(gk3
t:< 1 AO
ke><p3—K3K2—C—? , C+#0
Case 2b

For Case 2b, calculating C requires deriving cube roots of a complex number. We first adjust the definition of C for Case 2b to be a new term
C*, which extracts the imaginary number i from within the square root:

N \/443 2
= |2+ i
\ 2 2

Although there are three complex roots for C*, we can take C* to be the “principal root,” which is the root with the largest real part. To
derive the cube roots, we rely on the following mathematical theorems for complex numbers®:

Euler’s theorem: exp(i0) = cos(6) + isin(O)
De Moivre’s theorem: (cos(0) + isin(6))*= cos(ub) + isin(ub)

Polar form of a complex number: g + hi = rexp(i0)
r =+/g%+ h?

6 t (h)
= arctan (—
g

Using the theorems above, for any complex number g + hi and integer u, the u roots can be described in the following form:

r% (cos (6+2wn) + i * sin (9+iwn)),w € {0,1,...,u — 1} (Equation 6)

u

o 7

However, the definition of 6 above is a “naive” definition which fails when the real part “g” of g + hi is negative or when g = 0.7

’ 3 2
2

, and with h > 0 given the use of the positive square root of 45 — 443, we instead redefine 9 as:

f

Setting g = % and h =

\/4A3 _ 2
arctan 7 , 4, >0
1
0= \/44\3 — 12
arctan 7 + 7, A4:<0
1
T
E, Al - O

\
3
/4AO—A§
2

functions, we can determine the principle root and take C* to be:

- ) )

Feeding C* (instead of “C”) along with our other values for a, b, c and d into Equation 5, we derive three real solutions for x and t = exp(x).
As S(t) is a non-increasing survival function, one of these three solutions for t must match our given survival estimate § when plugged back
into our function S(t), and therefore we characterize the solution for Case 2b:

t=1|S@) =St €ty t,t,)

n 1 e,
top = exp TN (Kz — 2,/4, cos <§>>]

K3

£, = exp 3iic3 (Kz + /4, <cos (g) ++/3sin (g)))

t, = exp [3—; (Kz + /4, <cos (g) —+/3sin (g)))
Case 3 Solution

For Case 3, we have S < S(exp(K,qx)) and therefore x > K,,,4,. As indicated above, based on how Royston/Parmar spline functions are
designed with linearity constraints before and after the last knots, the x3 and x? terms in v;(x) from Equation 2 cancel out to 0, leaving a
linear equation to solve for x. However, unlike Case 1, additional linear and constant terms are still generated from each v; (x), which when
combining with the relevant y parameter terms can be generalized to:

Using Equation 6 withu = 3, g = % and h = , and knowing O is defined on the range 0 to  as well as the properties of cosine

0t VqVq—1(x), xterms: 3X 03y (ke_y — Ago1kiim — (1 = Ago1 )kfax) =T
023 YqVq-1(x), constant terms: — Y015y, (kfl_1 — Ag—1kmin — (1 = Ag-1)kiax) = =70

Combining these with the terms described in Equation 4 for Case 1, this then gives us the Case 3 solution as:
F71(8) = vo + 70

t =exp (

Y1+ 71

An analytical solution to inverse functions for all case types was derived for Royston/Parmar spline models to help facilitate direct
simulation of event times, excluding covariates.

Conclusions

Analytical solutions to inverse functions of Royston/Parmar RCS models can be derived to allow precise
estimation of event times from given survival estimates, and may be useful for faster calculation of event times
for DES models vs. numerical methods.

Further research is required to update the solution to factor in the impact of covariates. While the solution may
be simple to extend in the case of non-time-dependent covariates, the solution is likely more complex in the
case of time-varying covariates which involve additional spline terms.

References

Royston P, et al. Stat Med. Aug 15 2002;21(15):2175-97. 2. Latimer N. NICE DSU Technical Support Document 14: Undertaking survival analysis for economic evaluations
alongside clinical trials - extrapolation with patient-level data. 2011. http://www.nicedsu.org.uk. 3. Rutherford M, et al. NICE DSU Technical Support Document 21: Flexible
methods for survival analysis. 2020. http://www.nicedsu.org.uk. 4. Palmer S, et al. Value Health. Feb 2023;26(2):185-192. 5. Wikipedia contributors. Cubic equation.
Wikipedia, The Free Encyclopedia. September 30, 2024, 19:55 UTC. https://en.wikipedia.org/w/index.php?title=Cubic_equation&oldid=1248665266. Accessed October 17,
2024. 6. Newcastle University. Polar Form and De Moivre's Theorem. https://www.ncl.ac.uk/webtemplate/ask-assets/external/maths-resources/core-mathematics/pure-
maths/algebra/polar-form-and-de-moivre-s-theorem.html. Accessed October 17, 2024. 7. Newcastle University. Modulus and Argument. Available at:
https://www.ncl.ac.uk/webtemplate/ask-assets/external/maths-resources/core-mathematics/pure-maths/algebra/modulus-and-argument.html. Accessed October 17, 2024.

Disclosures/Acknowledgments

We would like to thank Venediktos Kapetanakis of Evidera, a business unit of PPD, part of Thermo Fisher Scientific for providing feedback on the formal write up of the
solution and Michael Grossi and Shani Berger of Evidera, a business unit of PPD, part of Thermo Fisher Scientific for their editorial and graphic design contributions.

GB and JM are employees of Evidera. The views expressed in this study are those of the authors and not necessarily those of Evidera. The study was not funded by any
organization. The authors do not have any conflicts of interest.

Presented at the ISPOR Europe Conference e 17-20 November 2024 e Barcelona, Spain

Funding provided by Evidera Ltd., a business unit of PPD, part of Thermo Fisher Scientific

NN O |



	Slide Number 1


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize false

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth 8

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /FlateEncode

  /AutoFilterColorImages false

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth 8

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /FlateEncode

  /AutoFilterGrayImages false

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (None)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



