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Background
 Royston/Parmar restricted cubic spline (RCS) models are more flexible extensions of Weibull, log-normal, and log-logistic parametric 

survival models that allow modeling of the hazard function as a restricted cubic spline instead of a linear function of log time.1 
 These models are highlighted in National Institute for Health and Care Excellence (NICE) Decision Support Unit (DSU) Technical Support 

Document guidelines2,3 as potential alternatives to standard parametric survival models, with other recently published guidance4 also 
suggesting Royston/Parmar spline models may be preferable to other types of (non-cure) flexible parametric survival models (landmark, 
piecewise, parametric mixture).

 Discrete event simulation (DES) models simulate times to events rather than using cumulative survival probabilities from parametric 
survival models, with inversion of the survival functions required for analytical solutions to derive these event times from given survival 
estimates or sampling using random numbers. 

 While numerical methods can be used to approximate event times for more complex survival models, this process may be slow, especially 
when repeated over large numbers of simulations. 

 We aimed to derive analytical solutions to inverse functions for Royston/Parmar RCS parametric survival models.

Objectives

Methods
Royston/Parmar Spline Function
 For a time value t and x = ln(t), Royston/Parmar RCS cumulative survival functions (excluding covariates) with n internal knots, gamma 

parameters γ0, … , γ𝑛𝑛+1 and knot values k𝑚𝑚𝑚𝑚𝑚𝑚, k1, … , k𝑛𝑛, k𝑚𝑚𝑚𝑚𝑚𝑚 in log time ordered in increasing value can be described in the form:
𝑆𝑆 𝑡𝑡 = 𝐹𝐹(𝑠𝑠 𝑥𝑥, 𝛾𝛾 ) (Equation 1)

Where F(z) for z = 𝑠𝑠 𝑥𝑥,𝛾𝛾 is defined as follows depending on the link function:
Cumulative Hazards: 𝐹𝐹 𝑧𝑧 = exp(− exp z )

Cumulative Odds: 𝐹𝐹 𝑧𝑧 = 1
(1+exp 𝑧𝑧 )

Probit/Normal deviate: 𝐹𝐹 𝑧𝑧 = 1 −Φ z
Where Φ is the standard normal distribution, and s(x,γ) is a cubic polynomial function:

𝑠𝑠 𝑥𝑥,𝛾𝛾 = γ0 + γ1𝑥𝑥 + ∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥) (Equation 2)

With basis function 𝑣𝑣𝑗𝑗 𝑥𝑥 defined as:

𝑣𝑣𝑗𝑗 𝑥𝑥 = (𝑥𝑥 − 𝑘𝑘𝑗𝑗)+3−λ𝑗𝑗(𝑥𝑥 − 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚)+3 − (1 − λ𝑗𝑗)(𝑥𝑥 − 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚)+3  ,

Where λ𝑗𝑗 = 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−𝑘𝑘𝑗𝑗
𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚− 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚

and (𝑥𝑥 − 𝑝𝑝)+= max (0,𝑥𝑥 − 𝑝𝑝).

Objective Function
 To invert the function S(t) to find a solution for t from a given cumulative survival estimate 𝑆̂𝑆, we first invert F(z) for each link function as 

follows
Cumulative Hazards: 𝐹𝐹−1 𝑧𝑧 = ln(− ln 𝑧𝑧 )

Cumulative Odds: 𝐹𝐹−1 𝑧𝑧 = ln(1
𝑧𝑧
− 1)

Probit/Normal deviate: 𝐹𝐹−1 𝑧𝑧 = Φ−1 1 − 𝑧𝑧
Where Φ−1 is the inverse standard normal distribution. 

 By applying 𝐹𝐹−1 𝑧𝑧  to both sides of Equation 1 and rearranging, this then allows us to describe our objective function to solve for x = ln(t) 
as:

𝑠𝑠 𝑥𝑥,𝛾𝛾 −  𝐹𝐹−1 𝑆̂𝑆 = 0  (Equation 3)

Defining Case Types
 As Royston/Parmar splines include linearity constraints before the first knot (k𝑚𝑚𝑚𝑚𝑚𝑚) and after the last knot (k𝑚𝑚𝑚𝑚𝑚𝑚), three main case types 

can be defined according to the positioning of the time estimate in relation to these boundary knot values.

 As we do not know the value of t, which we are trying to estimate from a given cumulative survival estimate 𝑆̂𝑆, we instead define the case 
types according to the cumulative survival estimates produced by the boundary knots, given S(t) is a non-increasing function with 
increasing values of t:

Case 1: �S ≥ S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚))

Case 2: S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚)) >  �S  ≥ S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚))

Case 3: �S < S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚))

Case 1 Solution
 For Case 1, we have 𝑆̂𝑆 ≥ S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚)) which implies that 𝑥𝑥 ≤ k𝑚𝑚𝑚𝑚𝑚𝑚. As noted above, Royston/Parmar RCS models include linearity 

constraints before the first knot and after last knot; in this case the term ∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥̂𝑥) in Equation 2 becomes 0, which means Equation 
3 becomes:

γ1𝑥𝑥 + γ0 − 𝐹𝐹−1 𝑆̂𝑆 = 0  (Equation 4)

 We now have a linear function of the form 𝑐𝑐𝑐𝑐 + d = 0, where c = γ1 and d = γ0 − 𝐹𝐹−1 𝑆̂𝑆 . Our solution for 𝑡𝑡 = exp(𝑥𝑥) = exp(−𝑑𝑑
𝑐𝑐

) is 
therefore derived as:

𝑡𝑡 = 𝑒𝑒𝑒𝑒𝑒𝑒(
𝐹𝐹−1 𝑆̂𝑆 −  γ0

γ1
)

Case 2 Solution
 For Case 2, we know that S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚)) >  𝑆̂𝑆  ≥ S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚)), which means that unlike Case 1 and Case 3, our cubic and quadratic terms 

do not cancel out, and we need to solve a cubic polynomial function. For any cubic equation 𝑎𝑎𝑎𝑎3 + 𝑏𝑏𝑏𝑏2 +𝑐𝑐𝑐𝑐 + 𝑑𝑑, the three solutions for x 
(𝑥𝑥0, 𝑥𝑥1,𝑥𝑥2) can be described in a generalized form5 as:

𝑥𝑥𝑚𝑚 = − 1
3𝑎𝑎

𝑏𝑏 + 𝜉𝜉𝑚𝑚𝐶𝐶 + 𝛥𝛥0
𝜉𝜉𝑚𝑚𝐶𝐶

,𝑚𝑚 ∈ 0,1,2  (Equation 5)

Where

𝐶𝐶 =

3 𝛥𝛥1 ± 𝛥𝛥12 − 4𝛥𝛥03

2

𝛥𝛥0 = 𝑏𝑏2 − 3𝑎𝑎𝑎𝑎
𝛥𝛥1 = 2𝑏𝑏3 − 9𝑎𝑎𝑎𝑎𝑎𝑎 + 27𝑎𝑎2𝑑𝑑

𝜉𝜉 = −
1
2

+
3

2
𝑖𝑖

With i being the imaginary number equivalent to −1. 
 As use of the positive or negative square root of 𝛥𝛥12 − 4𝛥𝛥03 is mostly arbitrary5 (except in the specific case C=0, handled separately below), 

we adopt the positive square root and redefine C as: 

𝐶𝐶 =

3 𝛥𝛥1 + 𝛥𝛥12 − 4𝛥𝛥03

2

 From expanding the 𝑣𝑣𝑗𝑗(𝑥𝑥) basis function terms and combining with corresponding γ parameter terms, we can generalize the cubic, 
quadratic, linear, and constant terms as:

∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥) ,𝑥𝑥3 terms: ∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞(1 − λ𝑞𝑞−1) = 𝜅𝜅3
∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥) ,𝑥𝑥2 terms: −3∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞 𝑘𝑘𝑞𝑞−1 − λ𝑞𝑞−1𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 = −𝜅𝜅2
∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥) ,𝑥𝑥 terms: 3∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞(𝑘𝑘𝑞𝑞−12 − λ𝑞𝑞−1𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚2 ) = 𝜅𝜅1

∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥) ,constant terms: −∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞 𝑘𝑘𝑞𝑞−13 − λ𝑞𝑞−1𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚3 = −𝜅𝜅0
 Combining these with the remaining terms in Equation 3, the coefficients of our cubic equation 𝑎𝑎𝑎𝑎3 + 𝑏𝑏𝑏𝑏2 +𝑐𝑐𝑐𝑐 + 𝑑𝑑 we need to solve for 

x=ln(t) become:
𝑎𝑎 = 𝜅𝜅3
𝑏𝑏 = −𝜅𝜅2

𝑐𝑐 = γ1 + 𝜅𝜅1
𝑑𝑑 = γ0 − 𝐹𝐹−1 𝑆̂𝑆 − 𝜅𝜅0

Methods (cont.)
 Using the values for a, b, c, and d above we have values for 𝛥𝛥0 and 𝛥𝛥1 as:

𝛥𝛥0 = 𝜅𝜅22 − 3𝜅𝜅3(γ1 + 𝜅𝜅1)
𝛥𝛥1 = −2𝜅𝜅23 + 9𝜅𝜅2𝜅𝜅3 γ1 + 𝜅𝜅1 − 27𝜅𝜅32(𝐹𝐹−1 𝑆̂𝑆 − γ0 + 𝜅𝜅0)

 However, for calculating C, the term 𝛥𝛥12 − 4𝛥𝛥03 within the square root can take positive and negative values, with negative values resulting 
in C3 being a complex number. We further subdivide Case 2 into two sub-case types: Case 2a where C3 is real ( 𝛥𝛥12≥ 4𝛥𝛥03) and Case 2b where 
C3 is complex ( 𝛥𝛥12< 4𝛥𝛥03). 

Case 2a
 For Case 2a, the term within the square root is positive. We then have a real cube root for C, which when incorporated into Equation 5 

produces complex number values for roots 𝑥𝑥1 and 𝑥𝑥2, and in turn would produce values for t = exp(x) that are not positive real numbers. 
We therefore take 𝑥𝑥0 as the correct solution for x = ln(t) and can describe the solution for Case 2a, including a specific exception5 for C = 0 
as:

𝑡𝑡 =

exp(
𝜅𝜅2

3𝜅𝜅3
),  𝐶𝐶 = 0

exp
1

3𝜅𝜅3
𝜅𝜅2 − 𝐶𝐶 −

𝛥𝛥0
𝐶𝐶

,  𝐶𝐶 ≠ 0

Case 2b
 For Case 2b, calculating C requires deriving cube roots of a complex number. We first adjust the definition of C for Case 2b to be a new term 

C*, which extracts the imaginary number i from within the square root:

𝐶𝐶∗ =

3

𝛥𝛥1
2

+
4𝛥𝛥03 − 𝛥𝛥12

2
𝑖𝑖

 Although there are three complex roots for C*, we can take C* to be the “principal root,” which is the root with the largest real part. To 
derive the cube roots, we rely on the following mathematical theorems for complex numbers6:

Euler’s theorem: exp i𝛳𝛳 = cos 𝛳𝛳 + isin(𝛳𝛳)
De Moivre’s theorem: (cos 𝛳𝛳 + isin 𝛳𝛳 )𝑢𝑢= cos 𝑢𝑢𝑢𝑢 + isin(u𝛳𝛳)

Polar form of a complex number: 𝑔𝑔 + ℎ𝑖𝑖 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑖𝑖𝑖𝑖)

𝑟𝑟 = 𝑔𝑔2 + ℎ2

𝛳𝛳 = arctan (
ℎ
𝑔𝑔

)

 Using the theorems above, for any complex number 𝑔𝑔 + ℎ𝑖𝑖 and integer 𝑢𝑢, the u roots can be described in the following form:

𝑟𝑟
1
𝑢𝑢 cos 𝛳𝛳+2𝑤𝑤𝑤𝑤

𝑢𝑢
+ i ∗ sin 𝛳𝛳+2𝑤𝑤𝑤𝑤

𝑢𝑢
,𝑤𝑤 ∈ 0,1, … ,𝑢𝑢 − 1  (Equation 6)

 However, the definition of 𝛳𝛳 above is a “naïve” definition which fails when the real part “𝑔𝑔” of 𝑔𝑔 + ℎ𝑖𝑖 is negative or when 𝑔𝑔 = 0.7 

Setting 𝑔𝑔 = 𝛥𝛥1
2

 and ℎ =
4𝛥𝛥03−𝛥𝛥12

2
, and with ℎ > 0 given the use of the positive square root of 𝛥𝛥12 − 4𝛥𝛥03, we instead redefine 𝛳𝛳 as:

𝛳𝛳 =

arctan
4𝛥𝛥03 − 𝛥𝛥12

𝛥𝛥1
,  𝛥𝛥1 > 0

arctan
4𝛥𝛥03 − 𝛥𝛥12

𝛥𝛥1
+ 𝜋𝜋,  𝛥𝛥1< 0

𝜋𝜋
2

, 𝛥𝛥1 = 0

 Using Equation 6 with 𝑢𝑢 = 3, 𝑔𝑔 = 𝛥𝛥1
2

 and ℎ =
4𝛥𝛥03−𝛥𝛥12

2
, and knowing 𝛳𝛳 is defined on the range 0 to 𝜋𝜋 as well as the properties of cosine 

functions, we can determine the principle root and take C* to be:

𝐶𝐶∗ = 𝛥𝛥0 ∗ cos
𝛳𝛳
3

+ i ∗ sin
𝛳𝛳
3

 Feeding C* (instead of “C”) along with our other values for a, b, c and d into Equation 5, we derive three real solutions for x and t = exp(x). 
As S(t) is a non-increasing survival function, one of these three solutions for t must match our given survival estimate 𝑆̂𝑆 when plugged back 
into our function S(t), and therefore we characterize the solution for Case 2b:

𝑡𝑡 = 𝑡̂𝑡 | 𝑆𝑆 𝑡̂𝑡 = 𝑆̂𝑆, 𝑡̂𝑡 ∈ 𝑡̂𝑡0, 𝑡̂𝑡1, 𝑡̂𝑡2

𝑡̂𝑡0 = exp
1

3𝜅𝜅3
𝜅𝜅2 − 2 𝛥𝛥0 cos

𝛳𝛳
3

𝑡̂𝑡1 = exp
1

3𝜅𝜅3
𝜅𝜅2 + 𝛥𝛥0 𝑐𝑐𝑐𝑐𝑐𝑐

𝛳𝛳
3

+ 3 𝑠𝑠𝑠𝑠𝑠𝑠
𝛳𝛳
3

𝑡̂𝑡2 = exp
1

3𝜅𝜅3
𝜅𝜅2 + 𝛥𝛥0 𝑐𝑐𝑐𝑐𝑐𝑐

𝛳𝛳
3

− 3 𝑠𝑠𝑠𝑠𝑠𝑠
𝛳𝛳
3

Case 3 Solution
 For Case 3, we have 𝑆̂𝑆 < S(exp(k𝑚𝑚𝑚𝑚𝑚𝑚)) and therefore 𝑥𝑥 > k𝑚𝑚𝑚𝑚𝑚𝑚. As indicated above, based on how Royston/Parmar spline functions are 

designed with linearity constraints before and after the last knots, the 𝑥𝑥3 and 𝑥𝑥2 terms in 𝑣𝑣𝑗𝑗(𝑥𝑥) from Equation 2 cancel out to 0, leaving a 
linear equation to solve for x. However, unlike Case 1, additional linear and constant terms are still generated from each 𝑣𝑣𝑗𝑗(𝑥𝑥), which when 
combining with the relevant γ parameter terms can be generalized to:

∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥), x terms: 3∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞(𝑘𝑘𝑞𝑞−12 − λ𝑞𝑞−1𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚2 − 1 − λ𝑞𝑞−1 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚2 ) = 𝜏𝜏1
∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞𝑣𝑣𝑞𝑞−1(𝑥𝑥), constant terms: −∑𝑞𝑞=2𝑛𝑛+1 γ𝑞𝑞 𝑘𝑘𝑞𝑞−13 − λ𝑞𝑞−1𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚3 − 1 − λ𝑞𝑞−1 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚3 = −𝜏𝜏0

 Combining these with the terms described in Equation 4 for Case 1, this then gives us the Case 3 solution as:

𝑡𝑡 = exp (
𝐹𝐹−1 𝑆̂𝑆 −  γ0 + 𝜏𝜏0

γ1 + 𝜏𝜏1
)

 Analytical solutions to inverse functions of Royston/Parmar RCS models can be derived to allow precise 
estimation of event times from given survival estimates, and may be useful for faster calculation of event times 
for DES models vs. numerical methods. 

 Further research is required to update the solution to factor in the impact of covariates. While the solution may 
be simple to extend in the case of non-time-dependent covariates, the solution is likely more complex in the 
case of time-varying covariates which involve additional spline terms.

Conclusions
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Results
 An analytical solution to inverse functions for all case types was derived for Royston/Parmar spline models to help facilitate direct 

simulation of event times, excluding covariates.
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